A palindrome is a word that reads the same left-to-right as right-to-left. We show that every simple group has a finite generating set X, such that every element of it can be written as a palindrome in the letters of X. Moreover, every simple group has palindromic width pw(G, X) = 1, where X only differs by at most one additional generator from any given generating set. On the contrary, we prove that all non-abelian finite simple groups G also have a generating set S with pw(G, S) > 1.
). In this paper we show that for both, finite and infinite simple groups, it is possible to add at most one generator to any given generating set such that every element can be expressed as a single palindrome with respect to this possibly modified generating set. In contrast to this, we also show that every non-abelian finite simple group has a generating set under which there exist elements which cannot be expressed as a palindrome. We apply our techniques to just-infinite groups, to see that all of them have a finite generating set with respect to which they have finite palindromic width.
Palindromes
Let F n be the free group on n generators X := {x 1 , . . . x n }. We write X ±1 := X ∪ X −1 , where X −1 := {x −1 1 , . . . , x −1 n }. An element g of F n is called a palindrome if there exists some k ∈ N so that g = k j=1 y i , where y j = y k−j+1 and y j ∈ X ±1 for all 1 ≤ j ≤ k. In other words, if it reads the same left-to-right as right-to-left. Let G be a group with n generators. Then there exists a natural map π : F n → G. An element g of G with generating set S = {s 1 , . . . , s n } is called a palindrome if at least one of its preimages in F n is a palindrome.
Remark 1.
If G is a non-free group then there exists an element r ∈ F n with π(r) = 1. Let now p be a palindrome in G. By definition there exists an element s ∈ F n that is a palindrome and such that π(s) = p. On the other hand we also have π(sr) = p, but sr need not be a palindrome anymore.
We denote by g a reverse element of g ∈ G. By this we mean the following: Let S = {s 1 , . . . , s n } be a generating set for G and g = k i=1 t i be a presentation for g with t i ∈ S ±1 . Then g is given by
Every element of a group can always be expressed as a product of palindromes. Indeed, as every generator and every inverse of a generator is a palindrome by definition every element g of G can be written as a product of finitely many palindromes, where the number of palindromes depends in general on g. We are interested in cases when this number can be bounded independently of g ∈ G or is equal to one for some generating sets.
For a group G denote by P G,X the set of all palindromes with respect to the generating set X. We define the palindromic width of G with respect to a generating set X as
This number might be infinite, however there are certain classes of groups in which this is finite. These are for example certain extensions of nilpotent and solvable groups ( [2] , [3]) or certain wreath products ( [5] , [9] ).
Relations and Words
In this section we show that careful analysis of given relations in a group gives rise to a natural set of palindromes. We use this to prove our main result. Further, we use the Feit-Thompson theorem to show that non-abelian finite simple groups have a generating set under which not every element can be written as a palindrome. This has already been used by the first author in [5] .
Lemma 2 (see [5] ). Assume G is a finitely generated non-abelian group with respect to the generating set X, that has a relation in which two non-commuting generators occur. Then G has a presentation with generating setX, in which there exists a relation q in G such that q = 1 in G, whereX is obtained from X by adding at most one generator.
Proof. Assume that for the pair of non-commuting generators x and y, there exists a relation r, in which x and y occur. Without loss of generality we can assume that x and y occur as the subword xy at the beginning of r. So we have
where w is another word in the generators of G. If also r = wyx = 1, then we add a new generator c = xy and get r = cw, r = wc.
If we assume that also r = wc = 1, then we have the following wc = wxy = wyx, which implies [x, y] = 1, contradicting our assumption that x and y were two non-commuting generators.
Proposition 3. For any group G, the set of all palindromes N := {ww | w = 1} is a normal subgroup of G.
Proof. Let tt, ss be two elements of N . Their product can be written as tt · ss = ts · st, because we have that s = t = 1. It is again of the form (st)(st) with st = 1, hence an element of N . A similar argument shows that N is closed under inverses. If g ∈ G, then
which is again an element of N because gtg −1 = g · 1 · g −1 = 1.
Theorem 4. Let G be a non-abelian simple group generated by X. Then we have that pw(G,X) = 1, whereX is obtained from X by adding at most one generator.
Proof. Lemma 2 states that there exists a generating setX which is obtained from G by adding at most one generator, such that we have a relation q with q = 1. This implies that the normal subgroup N from Proposition 3 is not {1}. Because G is simple, we have N = G and every element of G can be written as a single palindrome with respect tõ X.
In [8] A. Muranov constructs a finitely generated infinite simple group of unbounded commutator width. This leads to first examples of groups which have finite palindromic width 1, but do not have finite commutator width.
Corollary 5.
There exists a finitely generated simple group with infinite commutator width but finite palindromic width with respect to some finite generating set.
A group G is called just-infinite if for every non-trivial normal subgroup N ⊳G, the quotient G/N is finite.
Corollary 6.
Let G be a just-infinite group with generating set X. Then pw(G,X) < ∞, whereX which is obtained from X by adding at most one generator.
Proof. By Lemma 2 we can ensure by passing from X toX that there exists a non-trivial element g ∈ G such that g=1. Hence N = {gg | g = 1, g = 1} is a normal subgroup of G different from {1}. Because G is just-infinite, N has finite index. Take r to be a cosetrepresentative of shortest length l r . Every element g of G can be written as g = r · n, where n ∈ N , with n a palindrome. Hence every element of G is a product of at most l r + 1 palindromes.
The following theorem demonstrates that such a change of the generating set is necessary in certain cases.
Theorem 7. Let G be a non-abelian finite simple group. Then G has a generating set X such that pw(G, X) > 1. Moreover, there exist generating sets X n of the alternating groups A n , such that pw(A n , X n ) ≥ n/4 for all n ≥ 5.
Proof. By the theorem of Feit-Thompson we have that G must contain at least one element g of order 2. Then the normal closure g of g in G is equal to G. Hence G has a generating set consisting of elements of order 2. Let X be this generating set with generators x 1 , . . . , x n . Now if p is a palindrome of even length, then p has the form kx i x i k,
for some x i ∈ X and k ∈ G. But each x i has order 2, hence all palindromes of even length are trivial. Because every generator has order two, we have the special case that g = g −1 , so every palindrome is a conjugate of a single generator, and as such must have order 2 as well. If G is non-abelian simple, then G contains an element of odd order, because no non-abelian group H with |H| = 2 n , n > 1, can be simple. However, if now h is an element of odd order in G, it cannot be a conjugate of a generator x i and hence cannot be written as a single palindrome in the generators x 1 , . . . , x n . This proves the first claim.
Consider now the alternating group A n and the permutation σ n := (12)(34)(5) · · · (n) ∈ A n .
We set X n equal to the conjugacy class of σ n . As noted above, X n generates A n and each palindrome is conjugate to σ n . Thus, it is clear that any product of k palindroms must fix at least n − 4k points and hence pw(A n , X n ) ≥ n/4. This proves the second claim.
In particular, we can conclude from the previous theorem that there is no uniform upper bound on the palindromic width over all non-abelian finite simple groups and all generating sets. However, the situation is different if the rank (in the sense of algebraic groups, i.e., the dimension of the Cartan subgroup of the associated algebraic group over an algebraically closed field -or in case of A n just n − 1) of the non-abelian finite simple group or the size of the generating set remains bounded.
Theorem 8. There exists a constant C > 0 such that for every non-abelian finite simple group G of rank r (in the sense of algebraic groups) and any generating set X ⊂ G we have pw(G, X) ≤ C · min{r, |X|}.
Proof. Let g ∈ G and w ∈ P G,X . Then, gwg −1 = gg · g −1 wg −1 , and hence gwg −1 ∈ P 2 G,X . Thus, g∈G gP G,X g −1 ⊂ P 2 G,X .
Thus, we can bound the palindromic width by twice the number of steps one needs to generate G by the conjugacy class of some element in X. Using the main result in [7] , see also [10] , this implies the claim. 
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